Abstract: Identities involving cyclic sums of terms composed from Jacobi elliptic functions evaluated at p equally shifted points were recently found. The purpose of this paper is to re-express these cyclic identities in terms of ratios of Jacobi theta functions, since many physicists prefer using Jacobi theta functions rather than Jacobi elliptic functions.
1 Introduction.
Recently, we have discovered many new cyclic identities involving the Jacobi elliptic functions sn (x, m), cn (x, m), dn (x, m), where m is the elliptic modulus parameter (0 ≤ m ≤ 1). These mathematical identities are described in references [1, 2, 3] , henceforth referred to as I, II and IIa respectively. The functions sn (x, m), cn (x, m), dn (x, m) are doubly periodic functions with periods (4K(m), i2K ′ (m)), (4K(m), 2K(m) + i2K ′ (m)), (2K(m), i4K ′ (m)), respectively [4] . Here, K(m) denotes the complete elliptic integral of the first kind, and K ′ (m) = K(1 − m). The m = 0 limit gives K(0) = π/2 and trigonometric functions: sn(x, 0) = sin x, cn(x, 0) = cos x, dn(x, 0) = 1. The m → 1 limit gives K(1) → ∞ and hyperbolic functions: sn(x, 1) → tanh x, cn(x, 1) → sech x, dn(x, 1) → sech x. For simplicity, from now on we will not explicitly display the modulus parameter m as an argument of the Jacobi elliptic functions.
The cyclic identities discussed in I and II play an important role in showing that a kind of linear superposition is valid for many nonlinear differential equations of physical interest [5, 6] . In all identities, the arguments of the Jacobi functions in successive terms are separated by either 2K(m)/p or 4K(m)/p, where p is an integer. Each p-point identity of rank r involves a cyclic homogeneous polynomial of degree r (in Jacobi elliptic functions with p equally spaced arguments) related to other cyclic homogeneous polynomials of degree r − 2 or smaller.
In II, it was shown that all our identities follow from four master identities. It was also shown that corresponding to every such identity, one can obtain new identities corresponding to pure imaginary shifts by multiples of i2K ′ (m)/p or i4K ′ (m)/p, as well as identities corresponding to complex shifts by multiples of 2[K(m) + iK ′ (m)]/p or 4[K(m) + iK ′ (m)]/p. Identities involving the nine secondary Jacobi elliptic functions [cd (x, m), ns (x, m), ds (x, m), etc.] were also discussed. Furthermore, in II we gave results for several identities involving Weierstrass elliptic functions and ratios of Jacobi theta functions, both of which are intimately related with Jacobi elliptic functions [4] .
In particular, in II we showed that given any identity for the Jacobi elliptic functions, we can immediately write down the corresponding identity for the ratio of Jacobi theta functions, since the ratio of any two Jacobi theta functions is also doubly periodic. In discussions with several physicists, it became apparent that they are more comfortable thinking in terms of Jacobi theta functions rather than Jacobi elliptic functions. In order for them to fully appreciate the power of various cyclic identities previously obtained in I, II and IIa, we decided to re-express these identities in terms of the ratios of Jacobi theta functions.
In this context it is worth noting that the connection between the four Jacobi theta functions θ 1 (z, τ ), θ 2 (z, τ ), θ 3 (z, τ ), θ 4 (z, τ ) and the Jacobi elliptic functions is given by [7] sn(u, m) = 1
where z ≡ uπ 2K(m) and τ = iK ′ (m)/K(m). Therefore, any of our cyclic identities for real, imaginary or complex shifts can also be re-written as identities for the ratios of Jacobi theta functions for shifts in units of π/p, πτ /p or π(1 + τ )/p respectively if the ratios of theta functions involved are of period π (or twice these values if the period is 2π). In particular note that while θ 3,4 (z) are of period π, θ 1,2 (z) are of period 2π.
For simplicity, from now on we will not explicitly display τ as an argument of the Jacobi theta functions. We also point out that the constants m, 1 − m and K(m) can also be entirely re-expressed in terms of theta functions:
Further, the Jacobi zeta function Z(u) and the complete elliptic integral of the second kind E, which also appear in some of the identities, can also be expressed in terms of Jacobi theta functions:
Finally, let us note a remarkable fact about the cyclic identities: [8] 
where h(z) and g(z) are combinations of ratios of Jacobi theta functions. Hence we shall only mention one of the two cyclic identities in order to avoid duplication.
The plan of this paper is as follows. We first consider the cyclic identities in I and II following from master identities MI-I to MI-IV. In Sec. 2 to Sec. 5, we give a list of corresponding cyclic identities in terms of the ratios of Jacobi theta functions. Finally, in Sec. 6 we summarize the results obtained and also indicate how to generalize these results to shifts in units of T τ /p as well as T (1 + τ )/p (where the period T is π or 2π). Further, we also indicate how to obtain identities for other ratios of θ functions as well as for their products.
Throughout this paper, we use the notation 1 ≤ r < p and (r, p) = 1, i.e. they are co-prime. It may be noted that for MI-I and MI-II identities the period for the ratios of theta functions is π while it is 2π for MI-III and MI-IV identities. Further, whereas the MI-I and MI-II identities are valid for odd as well as even p, for MI-III and MI-IV cases, nontrivial identities are obtained only when p is an odd integer. It is worth keeping in mind that the identities given in this paper are not exhaustive but are meant to be representative identities of low rank.
2 Identities following from MI-I.
As shown in IIa, one of the simplest MI-I identities is given by (see Eq. (22) of IIa)
2.1 MI-I Identities with alternating signs.
Let us now write a few MI-I identities with alternate signs in terms of the ratios of theta functions.
As emphasized in II, such identities are only valid when p is even and hence r (being co-prime to p)
is necessarily odd.
For example, the identities (196) to (201), (207), (208) and (215) of IIa take the form given below:
3 Identities following from MI-II.
We shall now write down some of the MI-II identities from IIa in terms of the ratios of theta functions.
As in the previous section, in this section too z j ≡ z +(j −1)π/p with z = uπ/2K = u/θ 2 3 (0). Identities (112) to (141) [except identities (120), (121), (126), (130) to (133) and (136)] of IIa, when expressed in terms of theta functions, are given by
We now write down results for those cyclic identities in IIa in which the right hand side contained a definite integral which we could not then evaluate. However, subsequently, we derived local identities
[8] using which we were able to evaluate all these integrals. We are therefore giving answers using results in [8] .
. (66) 3.1 MI-II Identities with alternating signs. here that in this case p is necessarily even and that r, s are therefore odd integers co-prime to p.
.
This generalizes for any even number l < p to:
Similarly for any even integer l ≤ p, θ 1 and θ 2 functions satisfy the identities (p ≥ 4)
We shall now rewrite the identities following from master identity MI-III in terms of theta functions.
It is worth recalling that unlike the previous two sections, the period for these identities, as well as those in the next section is 2π. Further, p is necessarily an odd integer. The identities (144) to (170) [except identities (152), (154), (161), (163), (164) and (168)] of IIa, when re-expressed in terms of Jacobi theta functions are given below. 
where l is any odd integer (3 ≤ l ≤ p). Note that unlike the last two sections, here z j ≡ z + . In the special case when l = p, this identity takes the elegant form 
